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Abstract
Multivariate Gaussian processes (GPs) o!er a powerful probabilis-
tic framework to represent complex interdependent phenomena.
They pose, however, signi"cant computational challenges in high-
dimensional settings, which frequently arise in spatio-temporal
applications. We present DALIA, a highly scalable framework for
performing Bayesian inference tasks on spatio-temporal multivari-
ate GPs, based on the methodology of integrated nested Laplace
approximations. Our approach relies on a sparse inverse covari-
ance matrix formulation of the GP, puts forward a GPU-accelerated
block-dense approach, and introduces a hierarchical, triple-layer,
distributed-memory parallel scheme. We showcase weak-scaling
performance surpassing the state of the art by two orders of magni-
tude on a model whose parameter space is 8⌐ larger and measure
strong-scaling speedups of three orders of magnitude when running
on 496 GH200 superchips on the Alps supercomputer. Applying
DALIA to an air pollution study over northern Italy spanning 48
days, we showcase re"ned spatial resolutions over the aggregated
pollutant measurements.

CCS Concepts
• Mathematics of computing→ Bayesian computation; • Ap-
plied computing→ Environmental sciences; •Computingmethod-
ologies→Massively parallel algorithms.
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Figure 1: Representation of pollutant measurements (PM2.5,
PM10, and 𝐿3) over northern Italy.

1 Introduction
Air pollution poses a signi"cant public health risk [26]. The expo-
sure to pollutants such as ozone (𝐿3) and particulate matter (e.g.,
PM2.5, PM10) has been linked to increased mortality and a wide
range of health conditions, including respiratory infections, car-
diovascular diseases, and lung cancer [8, 43]. Accurately modeling
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• Quantify uncertainty

 Air Pollution over Italy

• Jointly model air pollutants

• Refine spatial resolution

PM 2.5 PM 10 Ozone

Motivation

Model the behavior of a process from 
data over space and time
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• Quantify uncertainty

• Jointly model air pollutants

• Refine spatial resolution

PM 2.5 PM 10 Ozone

• Include prior knowledge

Spatio-temporal multivariate 
Gaussian processes (GPs)

Bayesian approach 

➢ Problem: High computational cost !

Motivation

Model the behavior of a process from 
data over space and time

 Air Pollution over Italy
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Spatial Correlation and the SPDE Approach

c(s1, s2) = σ2 21−ν

Γ(ν) ( 8ν s1−s2 /ρ) Kν( 8ν s1−s2 /ρ)

Matérn Covariance function

‣ Used to construct covariance 
matrix 

‣ Used to construct precision 
(inverse covariance) matrix

‣ Describes (in)dependence 
between variables 

‣ Describes conditional 
(in)dependence between 
variables

(κ2 − Δ)α/2(τu(s)) = 𝒲(s), s ∈ ℝd

α = ν + d /2, κ > 0, ν > 0,

Linear fractional SPDE

‣ The solution  has a Matérn 
covariance function1 

u(s)

1Whittle, P. "Stochastic-processes in several dimensions." Bulletin of the International 
Statistical Institute 40.2 (1963): 974-994.
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‣ In the limit both approaches converge to the 
same solution

(κ2 − Δ)α/2(τu(s)) = 𝒲(s), s ∈ ℝd

‣ Mesh is independent from observation locations

‣ GMRF has sparse precision matrix whose 
inverse (covariance) matrix is dense

Spatial Correlation and the SPDE Approach

Cameletti, M., Lindgren, F., Simpson, D. et al. Spatio-temporal modeling of 
particulate matter concentration through the SPDE approach. AStA Adv Stat 

Anal 97, 109–131 (2013).

1Lindgren F, Rue H, Lindström J. An explicit link between Gaussian fields and Gaussian Markov random fields: the stochastic partial differential equation approach. Journal of the Royal Statistical 
Society Series B: Statistical Methodology. 2011 Sep;73(4):423-98.

‣ Discretize SPDE using first-order finite elements
‣ FE approximation of  forms GMRF1 u(s)
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‣ In the limit both approaches converge to the 
same solution

(κ2 − Δ)α/2(τu(s)) = 𝒲(s), s ∈ ℝd

‣ Mesh is independent from observation locations

‣ GMRF has sparse precision matrix whose 
inverse (covariance) matrix is dense

Spatial Correlation and the SPDE Approach

‣ Discretize SPDE using first-order finite elements1

1Lindgren F, Rue H, Lindström J. An explicit link between Gaussian fields and Gaussian Markov random fields: the stochastic partial differential equation approach. Journal of the Royal Statistical 
Society Series B: Statistical Methodology. 2011 Sep;73(4):423-98.

‣ FE approximation of  forms GMRF u(s)

‣ Use SPDE-derived spatio-temporal extension2 

2Lindgren F, Bakka H, Bolin D, Krainski E, Rue H. A diffusion-based spatio-temporal extension of Gaussian Matérn fields: Sort: Statistics and Operations Research Transactions. 2024;48(1):3-66.
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Model Formulation

Data

p(y |x, θ)
Likelihood 

y = Ax + ϵ x |θ ∼ N(0,Q−1(θ))

Latent Parameters

p(x |θ)
Prior 

Hyperparameters

θ

p(θ)
Prior 
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Linear Models of Coregionalization1

y1
y2
y3

⏟
y

=
σ1I 0 0

λ1σ1I σ2I 0
(λ3 + λ1λ2)σ1I λ2σ2I σ3I

Λ

⋅
A1 0 0
0 A2 0
0 0 A3

A

⋅
x1
x2
x3

⏟
x

+ ϵ

Q = Λ−T
Q1 0 0
0 Q2 0
0 0 Q3

Λ−1

‣ Multiple observed quantities

PM 2.5

univariate spatio-temporal precision matrix

1Schmidt, AM., and AE. Gelfand. "A Bayesian coregionalization approach for multivariate pollutant data." Journal of Geophysical Research: Atmospheres 108.D24 (2003).

➢  remains sparseQ
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Observations

Prior Knowledge

Bayesian inference 
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Bayes Rule

p(θ |y) = p(θ) p(y |θ)
p(y) ∝ p(θ)p(y |θ)

Aim: Update our beliefs upon observing data using Bayes’ rule.

Likelihood

 𝑝(𝑦 |𝜃)

Prior 

𝑝(𝜃)

Posterior

𝑝(𝜃 |𝑦)

Bayesian inference 

Bayes Rule

p(θ |y) ∝ p(θ) p(x |θ) p(y |x, θ)
p(x |θ, y)

Problem: No closed-form of the Posterior!
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Bayesian inference 

Accuracy

Parallelization 

potential

Applicability

Markov Chain Monte 

Carlo (MCMC)

Variational Inference 

(VI)

Integrated Nested Laplace 

Approximation (INLA)

Asympt. Exact

Latent Gaussian

Models (LGM)

Sampling-
based

Deterministic
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Integrated Nested Laplace Approximations (INLA)

 Construct point-wise approximation to the posterior 

f(θ) := − log p̃(θ |y)

 Phase I: Optimization • BFGS-algorithm, requires   
 for k-th iterate 𝑓(𝜃𝑘), 𝛻𝑓(𝜃𝑘)

𝜃𝑘−1 𝜃𝑘 𝜃𝑘+1

𝑓(𝜃𝑘)

𝜃∗
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 Phase I: Optimization
•  Bottleneck : Evaluate 2 high-dim. multivariate normal distributions
𝑓(𝜃𝑘)

1
2 (log 𝑄(𝜃) − (𝑥 − 𝜇(𝜃))𝑇𝑄(𝜃)(𝑥 − 𝜇(𝜃)))

Determinant
Sparse s.p.d 

precision matrix

• Cholesky decomposition

• Triangular solve

Integrated Nested Laplace Approximations (INLA)
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 Phase II: Approximation of the marginals 
• Evaluate  around 

• Compute inverse : 

p(θi |y), p(xj |y)
𝑓 𝜃∗:  𝑓(𝜃∗1), 𝜃∗𝑓(𝜃∗2),  … 

𝑄−1(𝜃∗), 𝑄−1(𝜃∗1), . . . , 𝑄−1(𝜃∗𝐾)

Sparse Matrix Dense Inverse Selected Inverse Entries

Selected Inversion

Integrated Nested Laplace Approximations (INLA)
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1H. Rue, S. Martino, and N. Chopin, INLA: Approximate Bayesian Inference using Integrated Nested Laplace Approximations, 2011, www.r-inla.org 

 Reference implementation : R-INLA1


• Widely used in Statistics community

• Written in C with R interface

• Shared memory parallelism (nested OpenMP)

• Relies on sparse direct solver PARDISO

Current Software

Limitations

 Distributed memory parallelism

 GPU support

 Modularity
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DALIA

Distributed Accelerated Laplace 
Inference Approximations
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Model

A Modular Approach

…

Submodel n°…

Submodel n°1

Submodel n°2

DALIA

Dense Solver

Sparse Solver

Structured Solver

Unified solver interface

Precision matrices optimizer-model interface

Array Operations

Distributed
Computing

MPI

NVIDIA NCCL
Serinv

Solver / Sparse Operations
General Sparse

Structured Sparse

Model Permutation

Implementation

Overview of our Framework: DALIA
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Univariate Spatio-Temporal 
Model

𝑛𝑣 = 1, 𝑛𝑡 = 5

Trivariate Spatio-Temporal Model (𝑛𝑣 = 3, 𝑛𝑡 = 5)

Ordering: nv ⋅ nt Ordering: nt ⋅ nv

Precision Matrices  Sparsity(Q)
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2. Basic Idea

• Dense Tiling of Sparsity Pattern

• Level-3 BLAS


•  Factorization

•  Matrix Mult. 

•  Triangl. Solve

• Forward Decomposition


• Backward Selected Inversion

1. Block Algorithms

Cholesky

V. Maillou, L. Gaedke-Merzhäuser, A. N. Ziogas, O. Schenk and M. Luisier, "Parallel Selected Inversion of Block-Tridiagonal with Arrowhead Matrices," 2025 IEEE 
International Conference on Cluster Computing (CLUSTER), United Kingdom, 2025, pp. 1-12, doi: 10.1109/CLUSTER59342.2025.11186484. 
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Structured Sparse (Selected) Solver
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𝐶h𝑜𝑙(𝑄𝑝)

𝐺𝑖
𝑆1

𝐶h𝑜𝑙(𝑄𝑐)

𝑄𝑐

𝑆𝑜𝑙𝑣𝑒(𝐿𝑐, 𝐼 )

𝐺0
𝑆2

𝐺1
𝑆2

𝜃𝑖
𝜖

𝑓𝑜𝑏𝑗(𝜃𝑖
𝜖)

𝐵
𝐹𝐺

𝑆

𝜃𝑙

Finite Diff : 𝑓(𝜃𝑙)

𝑓(𝜃0
𝜖 ),  ⋯ , 𝑓(𝜃𝑛𝑓𝑒𝑣𝑎𝑙

𝜖 )

𝐺0
𝑆1

𝐺𝑛𝑓𝑒𝑣𝑎𝑙
𝑆1

𝑓(𝜃𝑖), ∇𝑓

⋯

21

𝐺3
3

𝐺2
3

𝐺1
3

𝐺0
3

𝑄𝑝/𝑐

 Function Evaluation𝑺𝟏: Distributed Structured 
Solvers

𝑺𝟑:  Precision Matrices 
Factorization

𝑺𝟐:  

Nested Parallelization Strategies
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Fritz @ FAU

2 x Intel Xeon Platinum 8470

2 x 52 cores @ 2.0 GHz

2 TB DDR5

R-INLA + PARDISO DALIA + Serinv

MPI/NCCL + GPU Acc

Alps @ CSCS

GH200 Superchip: 72 ARM 
cores, 128 GB RAM, 96 GB 
HBM3

Experimental Setup
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Weak Scaling in Time
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𝑆2:𝑄𝑒𝑣𝑎𝑙

24

s3,6

𝑆1:𝑓𝑒𝑣𝑎𝑙 𝑆3:𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑠𝑜𝑙𝑣𝑒𝑟

s447

⋆

1,48x

124x faster on a 
model 8x bigger *

« Toy example »

« Timed-out »

Weak Scaling in Time
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𝑆1 + 𝑆2 + 𝑆3

25

44𝑚𝑛

4𝑚𝑛

1376x

85,6% 28,3%

𝑆1 𝑆1 + 𝑆2

, 𝑛𝑠 = 1675 𝑛𝑟 = 1
𝑛𝑡 = 192
𝑁 = 965𝑘,  𝑀𝑒𝑚 = 77𝐺𝐵

Model Parameters

Strong Scaling
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• Jointly model PM10, PM2.5, Ozone

• Spatial mesh: 4210 mesh nodes

• Temporal mesh: 48 days 

• Covariates: Elevation, intercept 

• Spatial downscaling: Increase resolution by 

25x

Back to Case Study on Air Pollution
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Back to Case Study on Air Pollution
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Blue: low concentration

Red: high concentration
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• DALIA: Novel Bayesian framework for multivariate spatio-temporal Gaussian 
processes

• Allows us to scale beyond: high-resolution Bayesian Air Pollution Study

• We want to further extend DALIA! 

github/DALIA

209358 (QuaTrEx)

200021 (NumESC)

n° 80227

n° sm96, lp16

Conclusion


